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Abstract
The status of the project of classifying finite primitive distance-transitive graphs is surveyed.
Particular attention is given to the structure of the proof of the recently obtained classification of
finite primitive affine distance-transitive graphs.
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
Let Γ be a finite connected undirected graph of diameter d , without loops or multiple
edges. Let VΓ denote the vertex set of Γ and Aut(Γ ) denote the automorphism group
of Γ . Let G be a subgroup of Aut(Γ ). We say that G acts distance-transitively on Γ
if G acts transitively on each of the sets Γi = {(x, y) ∈ VΓ × VΓ | d(x, y) = i},
for i = 0, 1, . . . , d . In this case G will be called a distance-transitive group and a
graph Γ admitting such a group will be called a distance-transitive graph. Observe that
if Γ is a distance-transitive graph, then Aut(Γ ) is a distance-transitive group, but there
might be many subgroups of it still acting distance-transitively on Γ . Distance-transitive
graphs are vertex transitive and they are highly symmetric; in a certain sense they have
the largest group of automorphisms possible. Some well known examples of distance-
transitive graphs are the Hamming graphs, Johnson graphs and Grassmann graphs; see
[15] for a detailed description of these graphs and for many others.
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In this survey we will give an account of the current status of the project of classification
of distance-transitive graphs. Particular attention will be given to the outline the proof of the
recently obtained classification of distance-transitive graphs admitting a distance-transitive
group with a normal elementary Abelian p-group acting regularly on the vertex set. This
classification result reads as follows.
Theorem 1.1. Let Γ be a graph structure of valency and diameter ≥ 3 on M ∼= Fnr , where
r is a power of the prime p, and let G0 be a subgroup of Γ L(M) such that G = M  G0
acts primitively and distance-transitively on M. Then up to isomorphism Γ is one of the
following graphs.
1. Γ is a Hamming graph H(n, r); G is a subgroup of Fnr  (F∗r · Symn) · Aut(Fr ).
2. Γ is a halved (n + 1)-cube, with n even; G is a subgroup of Fn2  Symn+1.
3. Γ is a folded (n + 1)-cube, with n even; G is a subgroup of Fn2  Symn+1.
4. Γ is a folded halved (n + 2)-cube, with n even; G is a subgroup of Fn2  Symn+2.
5. Γ is a bilinear forms graph BF(k, l, r) with kl = n; the group G is a subgroup of
F
n
r  (GL(Fkr ) ◦ GL(Flr )) · Aut(Fr ) · δ. (Here δ = 2 if k = l and 1 otherwise and ◦
denotes a central product of the two groups.)
6. Γ is an alternating forms graph AF(m, r) with m(m − 1)/2 = n; G is a subgroup of
F
n
r  F
∗
r · PΓ L(Fmr ).
7. Γ is a Hermitian forms graph HF(m, r) with m2 = n; G is a subgroup of Fnr 
Γ L(m, r2)/K where K = 〈x Im | xr+1 = 1〉.
8. Γ is an affine E6 graph; G is a subgroup of F27r  F∗r · E6(r) · Aut(Fr ).
9. Γ is the coset graph of the extended ternary Golay code; G is a subgroup of
36  F∗3 · M12.
10. Γ is the coset graph of the truncated Golay code; G is a subgroup of 210  M22.
11. Γ is the distance 2 graph of the coset graph of the truncated Golay code; G is a
subgroup of 210  M22.
12. Γ is the coset graph of the binary Golay code; G is a subgroup of 211  M23.
13. Γ is the distance 2 graph of the coset graph of the binary Golay code; G is a subgroup
of 211  M23.
There are several surveys on the theory of distance-transitive graphs, for example [34,
18]. This survey updates the author’s earlier survey [6] and also [7] which contained some
inaccuracies. The organization is as follows. In Section 2 we will give a brief description
of the examples appearing in Theorem 1.1 and introduce some of the notation. In Section 3
we will give a subdivision of the proof into two cases. In the subsequent sections these two
cases are then discussed.
2. Definitions and examples
For x ∈ VΓ and i ∈ {0, 1, . . . , d} we denote by Γi (x) the set of vertices of Γ at distance
i from x and by Γ≤i (x) the set of vertices at distance at most i from x . A graph Γ is said
to be regular if there is an integer k such that |Γ1(x)| = k for all vertices x .
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Let Γ be a distance-transitive graph. For i ∈ {0, 1, . . . , d} and two vertices x, y with
d(x, y) = i , we define
ci = |Γi−1(x) ∩ Γ1(y)|, ai = |Γi (x) ∩ Γ1(y)|, bi = |Γi+1(x) ∩ Γ1(y)|.
Observe that these numbers do not depend on the choice of x and y, but only on i .
A graph which has this property is called a distance-regular graph. The sequence
(b0, . . . , bd−1; c1, . . . , cd ) is called the intersection array of Γ . Since b0 = k and
ai = k − bi − ci , the number ai can be computed from the intersection array. The numbers
ci , bi and ai are called the intersection numbers of Γ . Also the number of vertices in Γi (x)
does not depend on the choice of the vertex x . The size of Γi (x), which will be denoted
by ki , can be calculated recursively from ki+1 = bici+1 ki . The distance 2 graph of Γ is the
graph with vertex set the vertices of Γ and two vertices adjacent if and only if they are at
distance 2 in Γ .
We now will give a brief description of the graphs appearing in the Theorem 1.1. For
more details and proofs, and for a description of the other graphs mentioned in this survey,
the reader is referred to [15].
2.1. Hamming graphs
Let X be a set of size r > 1. The Hamming graph H(n, r) is the graph with as vertex
set the n-tuples from X , and two vertices adjacent if and only if they differ in one position.
The graph H(n, r) has diameter n, its full automorphism group is the wreath product
Symr wr Symn and it acts distance-transitively. If r is a prime power, then we can identify
X with the field Fr . The group Fnr F∗r ·Symn ·Aut(Fr ) acts distance-transitively on H(n, r)
with regular normal subgroup Fnr . The intersection numbers are given by bi = (n−i)(r−1)
and ci = i , where 0 ≤ i ≤ n.
2.2. Folded cubes, halved cubes and folded halved cubes
The Hamming graph H(n, 2) is also called the n-cube and its automorphism group acts
imprimitively on it. For each vertex v of the n-cube, there is a unique vc at distance n
from v. The folded n-cube is the graph with as vertex set the pairs {v, vc} of vertices of
H(n, 2), two pairs {v, vc} and {w,wc} being adjacent if and only if v is adjacent to w or
wc. The folded n-cube is a graph of diameter  n2 . For n > 4, its automorphism group is
isomorphic to Fn−12 Symn . This group acts distance-transitively on the graph with regular
normal subgroup Fn−12 . The intersection numbers are given by bi = (n −2i)(n −2i −1)/2
and ci = i(2i − 1) for 0 ≤ i ≤  n2 .
The halved n-cube is the graph obtained from H(n, 2) by taking as vertex set all vertices
of even weight, and by calling two vertices adjacent if and only if they are at distance 2
in H(n, 2). The halved n-cube is a graph of diameter  n2 . For n > 4 the automorphism
group is isomorphic to Fn−12  Symn . This group acts distance-transitively on the graph
with regular normal subgroup Fn−12 . The intersection numbers are given by bi = n − i and
ci = i , where 0 ≤ 2i < n.
Suppose n is even. Then the vertices v and vc of the n-cube have the same weight. This
implies that one can also fold the halved n-cube and obtain the folded halved n-cube. One
520 J. van Bon / European Journal of Combinatorics 28 (2007) 517–532
can also halve the folded n-cube but the graph obtained is isomorphic to the folded halved
n-cube. For n ≥ 8 the folded halved n-cube is a graph of diameter  n4 . Its automorphism
group is isomorphic to Fn−22  Symn . This group acts distance-transitively on the graph
with regular normal subgroup Fn−22 . The intersection numbers are given by bi = n2 (n − i)
and ci = i(2i − 1), where 0 ≤ 2i < n2 and if n is a multiple of 4 then cd = n2 ( n2 − 1).
2.3. Bilinear forms graphs
Let Mk,l (Fr ) be the set of all k×l matrices with entries in the field Fr . The bilinear forms
graph BF(k, l, r) is the graph with Mk,l (Fr ) as vertex set, two vertices M, M ′ ∈ Mk,l (Fr )
being adjacent if and only if the rank of M − M ′ equals 1. The graph BF(k, l, r) has
diameter d = min{k, l}. The full automorphism group of BF(k, l, r) is the group
F
kl
r  (GL(Fkr ) ◦ GL(Flr )) · Aut(Fr ) · δ.
(Here δ = 2 if k = l and 1 otherwise and ◦ denotes a central product of the two
groups.) This group acts distance-transitively on the graph with regular normal subgroup
F
kl
r . The intersection numbers are given by bi = r2i(rk−i − 1)(r l−i − 1)/(r − 1) and
ci = r i−1(r i − 1)/(r − 1), for 0 ≤ i ≤ d .
2.4. Alternating forms graphs
Let Am(Fr ) be the subset of Mm,m (Fr ) of alternating matrices, that is, matrices
M ∈ Mm,m (Fr ) with M = −M and zero diagonal. The graph AF(m, r) is the graph
with vertex set Am(Fr ) and two vertices M and M ′ adjacent if and only if the rank of
M − M ′ equals 2. The graph AF(m, r) is of diameter m2 . For m > 4 its automorphism
group is isomorphic to Fm(m−1)/2r  F∗r · PΓ L(Fmr ). This group acts distance-transitively
on the graph with regular normal subgroup Fm(m−1)/2r . The intersection numbers are given
by bi = r4i (rm−2i − 1)(rm−2i−1 − 1)/(r2 − 1) and ci = r2i−2(r2i − 1)/(r2 − 1), for
0 ≤ i ≤ m2 .
2.5. Hermitian forms graphs
Suppose that r2 = q and let σ be the field automorphism of Fq of order 2. Let
Hm(r) be the subset of Mm,m(Fr ) of all Hermitian m × m-matrices over Fq , that is,
the matrices M satisfying M = Mσ . The Hermitian forms graph HF(m, r) is the
subgraph of the bilinear forms graph BF(m, m, q) induced on the set of Hermitian matrices
Hm(r). The graph HF(m, r) has diameter m. Its automorphism group is isomorphic to
F
m2
r  Γ L(m, q)/K , where K = 〈x Im | xr+1 = 1〉. This group acts distance-transitively
on the graph with regular normal subgroup Fm2r . The intersection numbers are given by
bi = (r2m − r2i )/(r + 1) and ci = r i−1(r i − (−1)i )/(r + 1), for 0 ≤ i ≤ m.
2.6. The affine E6 graphs
Consider a finite field Fr and let H0 be a group of type E6(r) and M the 27-dimensional
highest weight module M(ω1) for H0. Denote by O the H0-orbit of a highest weight
vector of M . The affine E6 graph over Fr is defined to be the graph with vertex set
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M in which two vertices are adjacent if and only if their difference is in O. The affine
E6 graph has diameter 3. The full automorphism group of this graph is isomorphic to
M  F∗r · E6(r) · Aut(Fr ). This group acts distance-transitively on the graph with regular
normal subgroup M . The intersection array is given by
(
(r12 − 1)(r9 − 1)
r4 − 1 , r
8(r4 + 1)(r5 − 1), r16(r − 1); 1, r4(r4 + 1), r8 r
12 − 1
r4 − 1
)
.
2.7. Graphs from Golay codes
Suppose C is a linear code inside a vector space V over the field Fr . The coset graph
Γ (C) of C is the graph with as vertex set M = V/C , and two vertices v + C and w + C
adjacent if and only if there are elements v0 ∈ v + C and w0 ∈ w + C differing in just one
coordinate. Clearly the group M acts as a regular group of automorphisms on Γ (C).
Now suppose C is one of the following linear codes: the ternary Golay code, the
truncated binary Golay code and the binary Golay code. In each of these cases, the graph
Γ (C) is of diameter 3 and is affine distance-transitive. If Γ (C) is the coset graph of
the extended ternary Golay code, then the automorphism group is 36  F∗3 · M12 and
the intersection array is (24, 22, 20; 1, 2, 12). If C is the truncated binary Golay code,
then the automorphism group is 210  M22 and there are two graph structures possible.
Besides the coset graph of the truncated binary Golay code, which has intersection array
(22, 21, 20; 1, 2, 6), its distance 2 graph is also distance-transitive; its intersection array
is (231, 160, 6; 1, 48, 210). Finally if C is the binary Golay code, then the automorphism
group is 211  M23 and there are two graph structures possible. Besides the coset graph of
the binary Golay code, with has intersection array (23, 22, 21; 1, 2, 3), its distance 2 graph
is also distance-transitive; its intersection array is (253, 210, 3; 1, 30, 231).
3. Preliminary results
If Γ is a regular graph of valency 2, then Γ is a polygon. For a polygon only the
full automorphism group acts distance-transitively on it. If the diameter of Γ is 1 then
Γ is a complete graph. G acting distance-transitively on it is equivalent to G acting 2-
transitively on VΓ . Assume now that Γ a distance-transitive graph of diameter at least 2
and valency at least 3. The group G acts as a permutation group on VΓ . It follows by a
result of Smith [58] that if this action is imprimitive, then Γ is either bipartite or antipodal.
If Γ is bipartite, then the distance 2 graph of Γ has two connected components which are
isomorphic to each other. The stabilizer in G of a component acts distance-transitively on
it, thus leading to another distance-transitive graph. In the case where Γ is antipodal, being
at maximal distance in Γ is an equivalence relation on the vertex set of Γ . One can define
the quotient graph Γ on the equivalence classes by calling two classes adjacent if and only
if there exists a vertex in one class adjacent to a vertex of the other. The induced action
of G on Γ is still distance-transitive. This process of halving and folding terminates in a
few steps – see [15, page 141] – resulting in a distance-transitive graph which admits a
primitive distance-transitive group.
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In the classification project therefore the attention is focused on the situation where the
action is primitive and it is often assumed that the valency is at least 3 and the diameter at
least 2. In a later stage the imprimitive graphs can be determined; see for example [8,15,
27,35,52,28–30,16] for some of the work done on imprimitive distance-transitive graphs.
It is easy to see that G is a distance-transitive group on Γ if and only if the following
two conditions hold:
• the group G acts transitively on the vertices of Γ ;
• the stabilizer of a vertex x , denoted by Gx , acts transitively on each of the sets
Γi (x) = {y ∈ VΓ | d(x, y) = i}, where i = 0, . . . , d .
In particular Γ is isomorphic to a coset graph on Gx -cosets. This allows us to study
the problem from a group theoretical viewpoint. A first step towards the classification of
finite distance-transitive graphs was made by Praeger et al. [53] who proved the following
theorem.
Theorem 3.1. Let Γ be a graph of valency at least 3 and G ≤ Aut(Γ ) be a group acting
distance-transitively on Γ . Suppose that the diameter of Γ is at least 2 and that G acts
primitively on the vertex set of Γ . Then one of the following holds:
(i) Γ is a Hamming graph or, in the case where the diameter is equal to 2, the complement
thereof;
(ii) G is an almost simple group;
(iii) G is an affine group.
The proof of this theorem is based on the Aschbacher–O’Nan–Scott theorem – cf. [2]
– which gives the structure of a finite primitive permutation group, and uses some theory
of distance-regular graphs. For example the following lemma, which is often used, follows
easily from Proposition 5.1.1 of [15] as the numbers ki are actually lengths of Gx -orbits.
Lemma 3.2. Let G be a primitive distance-transitive group of automorphisms of Γ and
x ∈ VΓ . Then among the nontrivial Gx-orbit lengths, |Γ1(x)| is among the two smallest.
Moreover, if |Γ1(x)| is not the smallest, then |Γd(x)| is.
In the case where Γ is a Hamming graph one still has to determine the possibilities
for G, that is, to determine which subgroups of the automorphism group still act distance-
transitively on it. Some of them will be encountered in this survey.
In the remaining cases we have strong information about the group structure. We will
discuss what is known in the following sections.
4. Distance-transitive graphs and almost simple groups
In this section we give the state of the classification project in the case where G is almost
simple. Let S denote the socle of G; thus S  G  Aut(S), with S a non-Abelian simple
group. By the classification of finite non-Abelian simple groups, S is known.
A distance-transitive graph Γ with distance-transitive group of automorphisms G is
isomorphic to a coset graphΓ (G, H, r), where H is the stabilizer of a vertex and r ∈ G\H
suitably chosen; see [15]. Since G is primitive on VΓ the stabilizer of a vertex is a maximal
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subgroup of G and since Γ is undirected we have Hr−1H = Hr H . Conversely for each
almost simple group G and maximal subgroup H , and r ∈ G \ H with Hr−1H = Hr H ,
the graph Γ (G, H, r) is a connected undirected graph on which G acts as a group of
automorphisms. Thus in order to decide whether G acts distance-transitively on a graph, it
suffices to check whether it does so on Γ (G, H, r), for certain H and r chosen as before.
Now one can use the classification of finite simple groups together with the knowledge
of their maximal subgroups and automorphism groups to determine the distance-transitive
graphs.
First one wants to limit the possible choices for H . To this end we need the following
definition. A permutation character is called multiplicity free if in its decomposition into
different irreducible characters each irreducible character occurs with multiplicity at most
one.
Lemma 4.1. Let Γ be a distance-transitive graph with distance-transitive group of
automorphisms G. Let π denote the permutation character of G on VΓ ; then π is
multiplicity free.
Since π = 1GH , where H is the stabilizer of a vertex, we have that the index [G : H ]
is less than or equal to the sum of all irreducible character degrees. Roughly speaking this
means that the order of H is at least a square root of the order of G divided by the number
of irreducible characters. Thus H has to have relatively large order. A proof of this lemma
can be found in, for example, [15].
In deciding on the possible choices for r , Lemma 3.2 plays an important role. One can
also limit for given S the possible choices for G. Indeed, in [3] it was shown that under
some mild conditions automorphisms of S that normalize H ∩ S extend to automorphisms
of Γ . Hence often one can assume G = Aut(S).
Before discussing the status group by group, we recall that the almost simple 2-transitive
groups are classified; see for example [17]. If G acts distance-transitively on a graph of
diameter 2, then G acts as a rank 3 permutation group on VΓ . The classification of almost
simple primitive permutation groups of rank 3 was obtained by Kantor and Liebler [39]
and Liebeck and Saxl [50]. In this case each group gives rise to two distance-transitive
graphs, one being the complement of the other. Thus we have the following theorem.
Theorem 4.2. If Γ is a primitive distance-transitive graph of diameter at most 2 and G is
almost simple, then the pair (G,Γ ) is known.
In the next two subsections the status is given for the various possibilities of S.
4.1. Alternating groups and sporadic groups
For the groups mentioned in the title of this subsection there is a complete classification
of the primitive distance-transitive graphs. For the alternating groups it is due to Ivanov
[33], who also classified the imprimitive actions; this classification was done independently
also by Saxl [55] (when n > 18) and Liebeck et al. [48]. For the sporadic groups there have
been papers dealing with special cases. A complete proof was given by Ivanov et al. [36],
in part relying on computer calculations with GAP [26].
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Theorem 4.3. Let G be a finite almost simple group acting primitively and distance-
transitively on Γ . If S is an alternating group or sporadic simple group, then Γ is known.
The infinite families of graphs appearing here are the graphs related to Johnson graphs and
Odd graphs.
4.2. Groups of Lie type
In this subsection S will be a simple group of Lie type. The linear groups PSL(n, q),
(n, q) = (2, 2), (2, 3) have been treated by van Bon and Cohen [9,10] and also by Inglis
[32] for n ≥ 13 and Faradz˘ev and Ivanov [23] for n = 2. The distance-transitive graphs
with vertex stabilizer a maximal parabolic subgroup are determined in [15, Theorem
10.7.2.]. Thus we have:
Theorem 4.4. Let G be a finite almost simple group of Lie type acting primitively and
distance-transitively on Γ . If either S is the linear group or Gx is a maximal parabolic
subgroup of G, then Γ is known.
The infinite families of graphs that appear here are the Grassmann graphs, generalized n-
gons, polar and (halved) dual polar graphs and the graph arising from the action of E7(q)
on the cosets of a maximal parabolic of type E6(q).
There remains the classification of the distance-transitive graphs where G is different
from the linear group. Extensive work has been done in determining the multiplicity-
free permutation representations for these groups. In particular, Inglis [32] investigated
the classical groups of dimension at least 13, whereas for the exceptional groups Liebeck
and Saxl [51] determined their large maximal subgroups and various actions have been
investigated by Lawther [42–45] and Rainbolt and Sheth [54]. For the classical groups
the work on multiplicity-free permutation representations is being extended to lower
dimensions in [13], in which also some open cases of [32] are addressed. The outcome
is a finite list of sporadic actions and several infinite families, though some actions, like the
action of orthogonal groups on orthogonal extension fields and also a handful of sporadic
actions, are still undecided.
Let us turn back to the distance-transitive graphs. Besides a wealth of combinatorial
information there is a technique – see [3] – that was shown to be of great use in dealing
with the linear groups. It partly solves the problem that, even given G and H , it is not
always that easy to find the two smallest nontrivial H -orbit sizes. It establishes an ordering
on the kernels of action of a vertex stabilizer. For a vertex x ∈ VΓ , denote by G[i]x the
kernel of the action of Gx on Γi (x).
Proposition 4.5. Let Γ be a distance-transitive graph of diameter d with distance-
transitive group of automorphisms G. If, for some vertex x ∈ VΓ and i ≥ 1, we have
G[i]x = 1, then G[i]x ⊂ G[i−1]x ⊂ · · · ⊂ G[1]x or G[i]x ⊂ G[i+1]x ⊂ · · · ⊂ G[d]x .
Thus if an element of Gx fixes all vertices of Γi (x), then it fixes either all vertices at
distance at most i from x or all vertices at distance at least i from x . The proposition can
be of use if the stabilizer of a vertex is a p-local subgroup of G. In the particular case of a
centralizer of an involution there is a stronger version of the proposition.
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The classification of primitive distance-transitive graphs for the groups of Lie type
different from the linear groups has not yet been completed. Various groups of people
have been working on it. The current situation can be summarized as follows.
For the classical groups the classification tends to go hand in hand with the classification
of multiplicity-free permutation representations, as one usually first wants to check whether
Lemma 4.1 holds. The distance-transitive graph problem is under study by the authors of
[13]. For several of the infinite families of actions that are known to be multiplicity free the
problem has been solved or there are bounds on the order of the field. Among the remaining
infinite families appearing in [13] there are a few cases which appear to be difficult to
handle in both classification projects. For the actions that are known to be multiplicity free
appearing in the list of sporadic actions of [13] the distance-transitive problem has been
solved. This is mainly due to Shpectorov and Dunlap [56] and calculations with GAP.
For the groups of exceptional Lie type the final classification result will appear in [20].
Here many cases have been dealt with but the results obtained have not been published yet.
Often the action turns out to be not multiplicity free. Recently Krook [40] showed that for
q even the action of E7(q) on A7(q).2 is not distance-transitive (in fact it is not multiplicity
free).
5. Distance-transitive graphs and affine groups
For the remainder of this survey we will assume that G is an affine group and will call
the graph Γ on which it acts affine distance-transitive.
The group G contains a normal elementary Abelian p-subgroup acting regularly on the
vertex set of Γ . The regular normal subgroup can be viewed as an n-dimensional vector
space M over Fr , where Fr is a finite field of characteristic p, such that the distance-
transitive group G is a subgroup of M  Γ L(M) containing the translation subgroup M .
Let G0 be the stabilizer in G of the zero vector, so that G0 ≤ Γ L(M) ∼= Γ L(n, r) and
the group G is the affine group M  G0. Moreover, M acts on Γ as a regular group of
translations. This implies that:
• G acts transitively on the set of vertices of Γ ;
• if v ∈ Γ1(0), then −v ∈ Γ1(0);
• a vector is in Γi (0) if and only if it can be written as the sum of i , but not fewer, vectors
of Γ1(0).
In order for G to be a distance-transitive group on Γ it is necessary and sufficient
that each of the sets Γi (0) is a G0-orbit closed under multiplication by −1. Hence there
is a natural ordering on the nontrivial G0-orbits starting with the orbit Γ1(0). At this
point its also important to recall that, by Lemma 3.2, |Γ1(0)| is among the two smallest
nontrivial G0-orbit lengths, and if it is not the smallest then |Γd(0)| is. The following
lemma summarizes some of the properties of an affine distance-transitive graph; see [5]
and [11].
Lemma 5.1. Let G be a primitive affine distance-transitive group of the graph Γ defined
on the vector space M over a field of characteristic p, with vertex stabilizer G0. Then the
following hold:
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(i) |M| ≤ 5|G0|.
(ii) G0 has at most dimFp (M) orbits in M.(iii) The set Γ1(0) of vectors adjacent to 0 is closed under multiplication by F∗p. In
particular, Γ contains cliques of size p.
Using the theorem of Aschbacher [1] on the subgroup structure of a classical group one
can determine the structure of a point stabilizer in more detail. The starting point of the
classification of affine distance-transitive graphs is the following theorem of [5]:
Theorem 5.2. Let Γ be a graph of valency at least 3 and diameter at least 2 on M ∼= Fnr
and G0 is a subgroup of Γ L(M) such that G = M  G0 acts primitively and distance-
transitively on Γ as a group of automorphisms. Then one of the following holds:
(i) n = 1;
(ii) the diameter of Γ is 2;
(iii) Γ is a Hamming graph or bilinear forms graph;
(iv) H0 = F∗(G0), the generalized Fitting subgroup of G0, is modulo scalars a non-
Abelian simple group, M is an absolutely irreducible Fr H0-module and this action
can be realized over no proper subfield of Fr .
This theorem can be viewed as the affine version of Theorem 3.1. In case (iv) of the
theorem we have to study the (absolutely) irreducible (projective) representations of finite
non-Abelian simple groups. Hence once again we can apply the classification of finite
simple groups. Before doing so, we first deal with the small cases and the few exceptions
listed in the theorem.
We already observed that in the case where the diameter is equal to 1 then Γ is a
complete graph and G a 2-transitive group on Γ . In this special case we have a complete
classification of distance-transitive graphs and groups which follows from the classification
of affine 2-transitive groups obtained by Hering [31]. In the case where the diameter of Γ
equals 2, then G acts as a primitive affine rank 3 permutation group on M . These actions
have been classified by Liebeck [46] (using earlier work by Foulser [24] and Foulser
and Kallaher [25] in the case where G is solvable). Not all of these actions though lead
to a distance-transitive graph. A necessary and sufficient condition for an affine rank 3
permutation group to be a distance-transitive group is that each orbit is left invariant under
multiplication by −1. For each distance-transitive group we find two graphs, one being
the complement of the other. Thus we have the following theorem which also justifies the
hypotheses in Theorem 1.1.
Theorem 5.3. If Γ is a primitive affine distance-transitive graph of diameter at most 2 then
the pair (G,Γ ) is known.
The case n = 1 appearing in Theorem 5.2 was settled by Cohen and Ivanov [19] who
proved:
Theorem 5.4. Let Γ be a graph structure on M ∼= Fr . Let G be a subgroup of AΓ L(M) ∼=
AΓ L(1, r), containing the translations. If G acts primitively and distance-transitively on
Γ and the valency and diameter of Γ is at least 3, then r = 64, Γ is the Hamming graph
H (3, 4) and G0 ∼= Z9  Z3 or G0 ∼= Z9  Z6.
These results justify the introduction of the following hypotheses:
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Hypothesis (ADT). Γ is a connected graph structure on M ∼= Fnr , with n > 1, and G0 is a
subgroup of Γ L(M) such that G = M G0 acts primitively and distance-transitively on Γ
as a group of automorphisms and G0 is not defined over a proper subfield of Fr . Moreover,
H0 = F∗(G0), the generalized Fitting subgroup of G0, is modulo scalars a non-Abelian
simple group, M is an absolutely irreducible Fr H0-module, and the diameter of Γ is at
least 3.
The classification proof follows a subdivision into cases corresponding to the families
of groups arising in the classification of finite non-Abelian simple groups. The groups of
Lie type will give rise to two different cases as they can act on a module in the defining
characteristic of the group of Lie type (the defining characteristic case) or on a module in a
characteristic different from the defining characteristic of the group of Lie type (the cross
characteristic case). In the case of ambiguity, like for H0/Z(H0) ∼= PSL(2, 8) ∼= 2G2(3)′
with p = 2 or 3, the action will be considered as an action in defining characteristic.
The first step is to produce a (finite) list of pairs of group and module that satisfy
the bound mentioned in Lemma 5.1(i). This list is produced using the known (lower)
bounds for dimensions of irreducible representations provided by the Atlas [22] and the
modular Atlas [38], Landazuri and Seitz [41] and Seitz and Zalesskii [57] for the cross
characteristic cases, James [37] and Wagner [59] for the alternating groups, or creating
them by restricting the representations to subgroups for which the bounds are known. For
the groups of Lie type in defining characteristic the argument used in the classification of
primitive affine rank 3 permutation groups in [46] could be adjusted without redoing all of
the work.
One would like to avoid a detailed investigation of all the pairs that appear in the list.
The following theorem of [4] is an attempt to deal with large classes at the same time.
Unfortunately in many cases the conditions in the hypotheses are not trivially satisfied, but
the theorem has shown its use anyway.
Theorem 5.5. Let Γ be a connected graph structure on M ∼= Fnr , with n > 1, and let G0
be a subgroup of Γ L(M) such that G = M  G0 acts primitively and distance-transitively
on Γ as a group of automorphisms. Suppose that F∗r ≤ G0 and that the group G0 leaves
an orthogonal form invariant on M up to scalar multiplication and field automorphisms.
Then either the diameter of Γ is 2, or Γ is a Hamming graph, a folded cube, a halved cube
or a folded halved cube.
We have grouped the discussion of alternating groups, sporadic groups and groups of
Lie type in a cross characteristic action together, as the classification proof follows the
same strategy. This strategy will be discussed in the next subsection. In the last subsection
we will then discuss the proof for the groups of Lie type in a defining characteristic action.
5.1. Alternating groups, sporadic groups and groups of Lie type in cross characteristic
The classification result for the groups mentioned in the title of this section is stated in
the following theorem, which we state under the ADT hypothesis (though in the literature
slightly stronger theorems were proved). The theorem is due to Liebeck and Praeger [47]
in the case where H0/Z(H0) is an alternating group, van Bon et al. [14] in the case where
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H0/Z(H0) is a sporadic simple group and to Cohen et al. [21] in the case where H0/Z(H0)
is a simple group of Lie type whose defining characteristic is different from that of Fr .
Theorem 5.6. Let Γ be a graph with a distance-transitive group of automorphisms G =
M  G0 as in hypothesis (ADT). Suppose H0/Z(H0) is an alternating group, a sporadic
simple group or a simple group of Lie type whose defining characteristic is different from
that of Fr . Then one of the following holds.
• Γ is a Hamming graph.
• Γ a folded cube, a halved cube or a folded halved cube.
• Γ is the coset graph of the extended ternary Golay code and H0 ∼= SL(2, 11) or
H0 ∼= F∗3 · M12.
• Γ is the coset graph of the truncated Golay code and H0 ∼= M22.
• Γ is the distance 2 graph of the coset graph of the truncated Golay code
and H0 ∼= M22.
• Γ is the coset graph of the binary Golay code and H0 ∼= M23.
• Γ is the distance 2 graph of the coset graph of the binary Golay code and H0 ∼= M23.
At this point it should be noted that in the statement of the main theorem of [14] there
are listed the 10 isomorphism types of G, rather than the isomorphism types of Γ . Each
of the seven rank 3 permutation groups listed there yields two distance-transitive graphs.
Moreover, the dual truncated Golay code module and dual Golay code module also both
give rise to two distance-transitive graphs (which are listed in our main theorem). Thus
there are a total of 19 graphs.
For the groups mentioned in the hypotheses of the theorem there is only one infinite
family of pairs of group and module that survives the bound of Lemma 5.1(i), namely
the fully deleted permutation modules for the alternating groups, but the list of remaining
cases is still quite large though. Fortunately in many cases there is an orthogonal form left
invariant, often over the prime field, which allows the direct application of Theorem 5.5.
For the remaining cases one studies the orbit structure on M , sometimes with the help of
a computer program like GAP [26]. Often Lemma 5.1(ii) is violated or one can restrict the
possibilities for Γ1(0) and show that for each of them the vectors at distance 2 from 0 are
not in a single G0-orbit.
5.2. Groups of Lie type in defining characteristic
In this section we have a group of Lie type acting absolutely irreducibly on some module
defined over field whose characteristic is the same as the defining characteristic of the
group of Lie type. The classification result is summarized in the following theorem, which
is due to van Bon and Cohen [11] in the case where H0/Z(H0) is an exceptional group of
Lie type and to van Bon et al. [12] in the case where H0/Z(H0) is a classical group.
Theorem 5.7. Let Γ be a graph with an affine distance-transitive group of automorphisms
G = M  G0 as in hypothesis (ADT). Suppose further that H0/Z(H0), where H0 =
F∗(G0), is a simple group of Lie type of characteristic p. Then the pair Γ , H0 is one of
the following, where l = −1 if l is even and l = 1 otherwise.
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• Γ is the alternating forms graph AF(m, r) and H0/Z(H0) ∼= PSL(m, r) with n =
m(m − 1)/2.
• Γ is the Hermitian forms graph HF(m, r) and H0/Z(H0) ∼= PSL(l, r2) with n =
m(m + 1)/2.
• Γ is the folded 9-cube and H0 ∼= PSL(2, 8).
• Γ is the halved 9-cube; it is isomorphic to the distance 2 graph of the folded 9-cube and
H0 ∼= PSL(2, 8).
• Γ is the affine E6 graph and H0/Z(H0) ∼= E6(r).
The resulting list of modules to study is similar to the list of modules that had to be
studied in the classification of the affine rank 3 permutation groups. The vast majority of
the modules appearing in the list are fundamental highest weight modules defined over the
same field as for the group of Lie type. In other words, there an orbit of 1-dimensional
subspaces whose stabilizer is a maximal parabolic subgroup P of H0. The vectors in this
orbit of 1-spaces are called highest weight vectors.
The action of H0 on P-cosets gives rise to a graph of Lie type – see [15] – which we
can also view as a geometry on points and lines (the lines are a class of cliques of size
r + 1). Call the 1-dimensional linear subspaces of highest weight vectors points and the
2-dimensional linear subspaces which only contain highest weight vectors lines. In this
way we obtain in the projective space P(M) a geometry on points and lines. It turns out
that many of the cases this actually provides an embedding of the geometry corresponding
to the graph of Lie type into the projective space P(M).
These observations led to the following definitions. For a G0-orbit O of vectors in M
consider the following two properties:
(O1) If v ∈ O, then λv ∈ O for all λ ∈ F∗r .
(O2) For each v,w ∈ O with w ∈ 〈v〉 there exists a g ∈ G0,v with wg − w ∈ O.
They mimic in M some properties of graphs of Lie type. Under some mild condition
– see [11,12] – these two properties are always satisfied for the orbit of highest weight
vectors. The following theorem, proved in [11], restricts the possible distance between 0
and a vector in O.
Theorem 5.8. Suppose that Γ is an affine distance-transitive graph of diameter d ≥ 3
with distance-transitive group G. Let O be a G0-orbit satisfying (O1) and (O2). Then,
with i = d(0, v), one of the following holds for any v ∈ O.
(i) i = 1.
(ii) i = 2. Moreover, if a2 > 0 then there exists w ∈ O with v − w ∈ Γ1(0).
(iii) 3 ≤ i ≤ 4 and there exists w ∈ O with v − w ∈ Γ2(0). Moreover,
(a) if a1 > 0, then i = d;
(b) if there is no nontrivial G0-orbit consisting of sums of two elements of O of size
smaller than |O|, then d ≤ 5.
(iv) i = d, ad = 0, bd−1 = 1 and G0 = G0,vG0,w for some w ∈ Γ1(0).
In particular, if O is the smallest of all nontrivial G0-orbits, then either i = 1 or i = d
and either d ≤ 4 or (iv) holds.
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By Lemma 5.1(iii) Γ contains cliques of size p; thus if p = 2 we have a1 = 0, which
almost always implies that a2 = 0; cf. Proposition 5.5.7 of [15]. The situation of case (iv)
implies that there exists a factorization of G0 into two maximal subgroups, each of which
contains one of the two point stabilizers in G0 as a subgroup. The maximal factorizations
of non-Abelian simple groups have been classified by Liebeck et al. [49].
In order to apply the theorem successfully one needs, besides the orbit of highest weight
vectors, a few other orbits. Roughly speaking one tries to establish that for each possible
distance between two points P and Q in the embedded geometry in P(M), the vectors
v + w are in different G0-orbits, where v and w are highest weight vectors in the 1-spaces
corresponding to P and Q respectively.
For H0/Z(H0) an exceptional group of Lie type, one of the main tools used in
determining the affine distance-transitive graphs was Theorem 5.8, with O the orbit of
highest weight vectors. As there are no factorizations of H0/Z(H0) for which one of the
factors is a parabolic subgroup, case (iv) could not occur.
For H0/Z(H0) a classical group there turned out to be a few cases for which
Theorem 5.8 was not applicable or did not immediately give the desired result. In those
cases one either used an explicit construction of the module or used the fact that we have
an embedding of the geometry to reduce the possibilities for the distance between 0 and
the orbit of highest weight vectors.
References
[1] M. Aschbacher, On the maximal subgroups of the finite classical groups, Invent. Math. 76 (1984) 467–514.
[2] M. Aschbacher, L.L. Scott, Maximal subgroups of finite groups, J. Algebra 92 (1985) 44–80.
[3] J. van Bon, On distance-transitive graphs and involutions, Graphs Combin. 7 (1991) 377–394.
[4] J. van Bon, Affine distance-transitive graphs with quadratic forms, Math. Proc. Cambridge Philos. Soc. 112
(1992) 507–517.
[5] J. van Bon, Affine distance-transitive groups, Proc. London Math. Soc. 67 (1993) 1–52.
[6] J. van Bon, Towards a classification of distance-transitive graphs, in: R.I.M.S. Kokyuroku, vol. 1063, 1998,
pp. 73–82.
[7] J. van Bon, The classification of affine distance-transitive graphs, in: Proceedings ISGDA 2003, Rend. Sem.
Mat. Messina Ser. II, Tomo XXV 9 (2003) 31–42.
[8] J. van Bon, A.E. Brouwer, The distance-regular antipodal covers of distance-regular graphs,
in: Combinatorics, Eger, Colloquia Mathematica Societatis János Bolyai, vol. 52, 1987, pp. 141–166.
[9] J. van Bon, A.M. Cohen, Linear groups and Distance-transitive Graphs, European J. Combin. 10 (1989)
399–411.
[10] J. van Bon, A.M. Cohen, in: A. Barlotti et al. (Eds.), Prospective classification of distance-transitive graphs,
Combinatorics’88, vol. 1, Mediterranean Press, 1991, pp. 25–38.
[11] J. van Bon, A.M. Cohen, Affine distance-transitive graphs and exceptional Chevalley groups, Proc. London
Math. Soc. 83 (2001) 51–70.
[12] J. van Bon, A.M. Cohen, H. Cuypers, Affine distance-transitive graphs and classical groups, J. Combin.
Theory Ser. A 110 (2005) 291–335.
[13] J. van Bon, N. Inglis, J. Saxl, Multiplicity-free permutation representations of the classical groups (in
preparation).
[14] J. van Bon, A.A. Ivanov, J. Saxl, Affine distance-transitive graphs with sporadic stabilizer, European J.
Combin. 20 (1999) 163–177.
[15] A.E. Brouwer, A.M. Cohen, A. Neumaier, Distance-regular graphs, in: Ergebnisse der Math. u.i.
Grenzgebiete 3, Folge Band 18, Springer Verlag, Berlin, ISBN: 3-540-50619-5, 1989.
[16] A.E. Brouwer, J. Hemmeter, A new family of distance-regular graphs and the {0, 1, 2}-cliques in dual polar
graphs, European J. Combin. 13 (1992) 71–79.
J. van Bon / European Journal of Combinatorics 28 (2007) 517–532 531
[17] P.J. Cameron, Finite permutation groups and finite simple groups, Bull. London Math. Soc. 13 (1981) 1–22.
[18] A.M. Cohen, Distance-transitive graphs, in: L.W. Beineke, R.J. Wilson (Eds.), Topics in Algebraic Graph
Theory, in: Encyclopedia of Mathematics and its Applications, vol. 102, Cambridge University Press, 2004,
pp. 222–249.
[19] A.M. Cohen, A.A. Ivanov, Affine distance-transitive groups of dimension 1, European J. Combin. 21 (2000)
191–195.
[20] A.M. Cohen, M.W. Liebeck, J. Saxl, Distance-transitive graphs with automorphism group of exceptional
Lie type (in preparation).
[21] A.M. Cohen, K. Magaard, S. Shpectorov, Affine distance-transitive graphs: The cross characteristic case,
European J. Combin. 20 (1999) 351–373.
[22] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, Atlas of Finite Groups, Clarendon Press,
Oxford, 1985.
[23] I.A. Faradz˘ev, A.A. Ivanov, Distance-transitive representations of the groups G , P SL2(q) ≤ G ≤
PΓ L2(q), European J. Combin. 7 (1990) 303–319.
[24] D.A. Foulser, Solvable primitive permutation groups of low rank, Trans. Amer. Math. Soc. 143 (1969) 1–45.
[25] D.A. Foulser, M.J. Kallaher, Solvable flag-transitive rank 3 collineation groups, Geom. Dedicata 7 (1978)
111–130.
[26] The GAP Group, GAP – Groups, Algorithms, and Programming. http://www.gap-system.org.
[27] C.D. Godsil, R.A. Liebler, C.E. Praeger, Antipodal distance-transitive covers of complete graphs, European
J. Combin. 19 (1998) 455–478.
[28] J. Hemmeter, Halved graphs, Hamming and Johnson graphs, Util. Math. 25 (1984) 115–118.
[29] J. Hemmeter, Distance-regular graphs and halved graphs, European J. Combin. 7 (1986) 119–129.
[30] J. Hemmeter, The large cliques in the graph of quadratic forms, European J. Combin. 9 (1988) 395–410.
[31] C. Hering, Transitive linear groups and linear groups which contain irreducible subgroups of prime order,
II, J. Algebra 93 (1985) 151–164.
[32] N. Inglis, Classical groups, multiplicity free representations and distance-transitive graphs, Ph.D. Thesis,
Univ. of Cambridge, 1986.
[33] A.A. Ivanov, Distance-transitive representations of the symmetric groups, J. Combin. Theory Ser. B 41
(1986) 225–247.
[34] A.A. Ivanov, Distance-transitive graphs and their classification, in: I.A. Faradz˘ev et al. (Eds.), The Algebraic
Theory of Combinatorial Objects, in: Math. Appl. (Soviet Series), vol. 84, Kluwer, Dordrecht, 1994,
pp. 283–378.
[35] A.A. Ivanov, R.A. Liebler, T. Pentilla, C.E. Praeger, Antipodal distance-transitive covers of complete
bipartite graphs, European J. Combin. 18 (1997) 11–23.
[36] A.A. Ivanov, S.A. Linton, K. Lux, J. Saxl, L.H. Soicher, Distance-transitive representations of the sporadic
groups, Comm. Algebra 23 (1995) 3379–3427.
[37] G.D. James, On the minimal dimensions of irreducible representations of symmetric groups, Math. Proc.
Cambridge Philos. Soc. 94 (1983) 417–424.
[38] Ch. Jansen, K. Lux, R.A. Parker, R.A. Wilson, An Atlas of Brauer Characters, Clarendon Press, Oxford,
1995.
[39] W.M. Kantor, R.A. Liebler, The rank three representations of the finite classical groups, Trans. Amer. Math.
Soc. 271 (1982) 1–71.
[40] C. Krook, Graphs related to E7(q), Masters Thesis, Technische Universiteit Eindhoven, 2004.
[41] V. Landazuri, G. Seitz, On the minimal degrees of projective representations of the finite Chevalley groups,
J. Algebra 32 (1974) 418–443.
[42] R. Lawther, On certain coset actions in finite groups of Lie type, Ph.D. Thesis, Cambridge, 1990.
[43] R. Lawther, Some (almost) multiplicity-free coset actions, in: M.W. Liebeck, J. Saxl (Eds.), Groups,
Combinatorics and Geometries, in: LMS Lecture Note Series, vol. 165, Cambridge Univ. Press, 1992.
[44] R. Lawther, Folding actions, Bull. London Math. Soc. 25 (1993) 132–144.
[45] R. Lawther, The action of F4(q) on cosets of B4(q), J. Algebra 212 (1999) 79–118.
[46] M.W. Liebeck, The affine permutation groups of rank three, Proc. London Math. Soc. 54 (1987) 477–526.
[47] M.W. Liebeck, C.E. Praeger, Affine distance-transitive groups with alternating or symmetric point stabilizer,
European J. Combin. 13 (1992) 489–502.
532 J. van Bon / European Journal of Combinatorics 28 (2007) 517–532
[48] M.W. Liebeck, C.E. Praeger, J. Saxl, Distance-transitive graphs with symmetric and alternating
automorphism group, Bull. Austral. Math. Soc. 35 (1987) 1–25.
[49] M.W. Liebeck, C.E. Praeger, J. Saxl, The maximal factorizations of the finite simple groups and their
automorphism groups, Mem. Amer. Math. Soc. 432 (1990).
[50] M.W. Liebeck, J. Saxl, The finite primitive permutation groups of rank three, Bull. London Math. Soc. 18
(1986) 165–172.
[51] M.W. Liebeck, J. Saxl, On the orders of maximal subgroups of the finite exceptional groups of Lie type,
Proc. London Math. Soc. 55 (1987) 299–330.
[52] R.A. Liebler, the classification of distance-transitive graphs of type q ·Kq,q , European J. Combin. 12 (1991)
125–128.
[53] C.E. Praeger, J. Saxl, K. Yokoyama, Distance transitive graphs and finite simple groups, Proc. London Math.
Soc. 55 (1987) 1–21.
[54] J.G. Rainbolt, J.K. Sheth, The multiplicity free permutation representations of the Ree groups 2G2(q), the
Suzuki groups 2 B2(q), and their automorphism groups, Comm. Algebra 31 (2003) 1253–1270.
[55] J. Saxl, On multiplicity-free permutation representations, in: P.J. Cameron, J.W.P. Hirshfeld, D.R. Hughes
(Eds.), Finite Geometries and Designs (Proc. Isle of Thorns, 1980), in: London Math. Soc. Lecture Notes
Ser., vol. 49, Cambridge University Press, Cambridge, 1981.
[56] S. Shpectorov, J. Dunlap, Small cases of DTG’s, 2001 (preprint).
[57] G. Seitz, A. Zalesskii, On the minimal degrees of projective representations of the finite Chevalley groups
II, J. Algebra 158 (1993) 233–243.
[58] D.H. Smith, Primitive and imprimitive graphs, Q. J. Math. Oxford (2) 22 (1971) 551–557.
[59] A. Wagner, An observation on the degrees of projective representations of the symmetric and alternating
groups over an arbitrary field, Arch. Math. 29 (1977) 583–589.
